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We model the gravitational-wave background created by double compact objects from isolated
binary evolution across cosmic time using the StarTrack binary population code. We include
Population I/II stars as well as metal-free Population III stars. Merging and non-merging double
compact object binaries are taken into account. In order to model the low frequency signal in the
band of the space antenna LISA, we account for the evolution of the redshift and the eccentricity.
We find an energy density of ΩGW ∼ 2.7× 10−9 at the reference frequency of 10 Hz for population
I/II only, making the background detectable by the current generation of ground based detectors,
such as LIGO, Virgo and Kagra, operating at design sensitivity. Adding the contribution from
population III increases the energy density to ΩGW ∼ 1.4 × 10−8, and also modifies the shape of
the spectrum that deviates from the usual power law after ∼ 10 Hz. The contribution from the
population of non merging binaries, on the other hand, is negligible, being orders of magnitude
below. Finally, we observe that the eccentricity has no impact in the frequency band of LISA or
ground based detectors.
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I. INTRODUCTION
Gravitational-wave (GW) astronomy started with the first observation of the coalescence of two black holes by
Advanced LIGO detectors (aLIGO) [1] on September 2015 [2]. Two years later, the discovery on August 2017 of the
coalescence of two neutron stars [3], in GWs and light, announced the dawn of multi-messenger astronomy. Advanced
LIGO and Advanced Virgo (AdVirgo) [4] are now detecting signals about every week [5] and the frequency will
continue to increase until they reach their design sensitivity around 2020-2021. At that time the network will also
include the Japanese detector Kagra [6], already in operation since the summer 2019, and LIGO India (Indigo) [7],
expected to start taking data in 2025.
The sources we are detecting now are loud and close events but represent only the tip of the iceberg. Behind these,
a large population of unseen weaker sources at higher redshift is expected to combine to create a gravitational-wave
background. The background from the population of compact binary coalescences (CBCs) was investigated by many
authors in the past (see [8–14]) and revised after the first detections to account for the high mass observed for black
holes and the new rate estimates. The LIGO and Virgo collaborations made predictions of the contribution to the
background of binary black holes and binary neutron stars in [15, 16] with very little assumptions about the model,
relying mainly on observations. Other authors investigated the implication of the first detections on the gravitational-
wave background, including models of metallicity evolution with redshift and mass distributions [17, 18], and arrived
to the same conclusion that the background is likely to be higher than previously expected and has a good chance to
be detected within a few years after the design sensitivity of the detectors is reached.
The background from CBCs in the frequency band of terrestrial detectors is not an intrinsic stochastic background,
in the sense that the sources do not overlap and can be separated. As the sensitivity of the detectors will improve,
more and more sources will be detected, reducing the level of the background dramatically. With third generation
detectors such as the planned Einstein Telescope in Europe [19] or Cosmic Explorer in the US [20], we expect to see
all of the binary black holes in the universe and a vast majority of binary neutron stars [21]. In the frequency band
of the space antenna LISA (0.1 mHz- 0.1 Hz) [22], where the signals last much longer, we expect however a confusion
background [23].
In this paper, we assume that the mergers we observe are formed through stellar evolution in the field of galaxies,
with no dynamical interaction. We use the new population synthesis StarTrack to generate realistic populations
of merging binaries of all types, binary black holes (BBHs), binary neutron stars (BNSs) and mixed systems with
one black hole and one neutron star (BHNSs), and from population I/II and III. Then we calculate the energy
density spectrum of the background, accounting for the eccentricity which is expected to play a significant role at low
frequencies accessible by the space antenna LISA [22]. In addition, for the first time, we include binaries that do not
merge in a Hubble time.
In section 1, we summarize the results of the StarTrack population synthesis and describe the evolution model, in
section 2 we present the spectral properties of the background with and without eccentricity, in section 3 we describe
our Monte Carlo procedure used to calculate the energy density of the background, in section 4 we present our results
and finally in section 5, we draw our main conclusions.
II. THE MODEL
We use the standard StarTrack scenario for modeling the population of stellar compact object binaries. The
model has been first presented in [24] and improved version of the code is described in [25]. The current status of the
calculations is summarized in [26] and [27]. The code traces evolution of binaries form the zero age main sequence
until formation of compact object binaries and their mergers. We use the standard initial conditions for the initial
binaries, as discussed by [28]: Kroupa and Weidner [29] mass function for the primary, a flat distribution of initial
mass ratios , a slightly falling eccentricity distribution f(e) ∝ e−0.42, and a the initial orbital period distribution of
the form f(logP ) ∝ (logP )−0.5. In the curse of the evolution we take into account the mass transfers, and verify their
stability. Initial mass transfer are slightly non- conservative. The common envelope episodes are calculated using the
formalism developed by Webbink [30], however we take into account the dependence of the efficiency of the envelope
ejection on the structure of the donor. StarTrack distinguishes two different types of treating the common envelope
survival depending on the type of the donor: if the donor is on the Hertzsprung gap the CE events either lead to a
merger (model B) or allowed to potentially survive (model A). In this paper we use binary evolution model M50 from
[27].
Formation of the compact object in supernovae explosions includes the fallback, and is described in detail in [27].
The natal kicks in supernovae are described by the [31] distribution and are scaled down for black holes with the
increasing mass [27]. We perform the calculations for a grid of metallicities. Each calculation, labeled i, modeled
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M isim mass of stars and led formation of N
i compact objects with the merger time tik, and masses m
i
1k, and m
i
2k,
where k = 1...N i.
The model of the star formation rate history and metallicity evolution is adopted from [32]. It is clear that there
does not exist a one to one dependence of the metallicity on redshift but that the metallicity distribution evolves
with redshift. A detailed study of the metallicity and star formation rate distribution as a function of redshift has
recently been shown by [33]. The model very well described the merger data and is consistent with the constraints
on metallicity and star formation evolution.
With the simulations of binary evolution, using the star formation history and metallicity evolution we calculate
the properties of the cosmic compact object binary population. In particular, we calculate the rate density in Mpc−3
yr−1 [34]:
si =
1
Msim
∫
∆Z
SFR(Z)dZ (1)
where the integral is the fractional star formation rate (SFR) in the simulated metallicity interval, Msim is the total
mass of single and binary stars within the mass range adopted by StarTrack for the initial mass of stars (0.08− 150
M). The SFR is adopted from extinction corrected model of [35].
III. SPECTRAL PROPERTIES OF THE BACKGROUND
A. Sources that merge within the Hubble time
The energy density spectrum of a background of gravitational waves is usually described by the dimensionless
quantity [36]:
ΩGW(f) =
f
ρc
dρGW
df
, (2)
where dρGW is the energy density in the frequency interval f to f + df , ρc =
3H20c
2
8piG is the critical energy density
required to close the Universe, and H0 is the Hubble constant.
For a population of coalescing binaries from all over the Universe and characterized by a set of parameters θ, for
instance the component masses, the spins and the initial orbital parameters, we can express it as:
ΩGW (f) =
f
ρcH0
∫
dθp(θ)
∫ zup(θ)
0
dz
R(z; θ)
dEgw(fs;θ)
dfs
(1 + z)Ez(z)
(3)
where we have generalized the usual expression valid for short live sources (see, e.g. [8, 15, 16]), in order to account
for the evolution of the redshift at low frequencies when the sources evolve slowly. In Eq.3, p(θ) is the probability
distribution of the source parameters, dEgw/dfs is the energy density emitted by a single source, fs = f/(1 + z) is
the frequency in the source frame, R(z; θ) is the rate per unit comoving volume per unit time in the source frame,
zup(θ) is the maximal redshift where a compact binary with parameters θ can be formed. The factor (1 + z) in the
denominator converts the rate in the source frame to the detector frame and
Ez(z) =
√
ΩM (1 + z)3 + ΩΛ (4)
captures the dependence of the comoving volume on redshift in a ΛCDM cosmology [37] with H0 =, ΩM = and ΩΛ =.
The rate R(z; θ) tracks the cosmic star formation rate, although with a delay between the formation of the massive
binary to the time when the source has evolved to the frequency fs. Accordingly, we write:
R(z; θ) = Rf (zf (z, θ)) (5)
The two redshifts z and zf are connected by the time delay td which is the sum of an evolution time tb(θ), between
the formation of the massive binary at the redshift zf and the formation of the compact binary at the redshift zb, and
the time it takes for the frequency to evolve from the initial frequency fi(θ) at the formation of the compact binary,
to the emission frequency fs, i.e:
τs(fi(θ), fs) =
5c5
256(pi)8/3G5/3
(Mc)5/3((fi(θ))−8/3 − (fs)−8/3) (6)
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In this expression, Mc = (m1m2)3/5/(m1 +m2)1/5 is the chirp mass that depends on the component masses m1 and
m2 of the two compact objects. The time delay is also the difference in cosmological lookback times between zf and
z:
td = tc(zf )− tc(z) (7)
where
tc(z) =
∫ z
0
dz′
H0(1 + z′)Ez(z′)
dz′ (8)
For sources close to the merger, the evolution of the redshift can be neglected and we recover the usual formula
(see, e.g. [8, 15, 16]):
ΩGW (f) =
f
ρcH0
∫
p(θ)dθ
∫ zup(θ)
0
dzm
Rm(zm; θ)
dEgw(fs;θ)
dfs
(1 + zm)Ez(zm)
(9)
where zm is the redshift at the time of the merger and Rm(zm; θ) = Rf (zf (z, θ)) is the merger rate. In this case, the
delay between zm and zf is the sum of the evolution time tb(θ) and the merger time between the formation of the
compact binary and the merger of the two compact objects.
The spectral energy density specttrum of a single source dECgw/dfs in the case of a circular orbit is obtained from
the relation [38]:
1
4pir2
dEgw
dfs
(fs) =
pic3
2G
f2(H2+(fs) +H
2
×(fs)) (10)
where H+(fs) = A(fs)(1+cos
2 ι)/2 and H×(fs) = A(fs) cos ι are the Fourier amplitudes of the two polarization states,
ι is the inclination angle, and r is the proper distance. Following [15, 16, 39] we consider the inspiral phase only for
BNSs and BHNSs and we use the Newtonian waveforms up to the last stable orbit fILSO =
c3
63/2GpiM
, M = m1 +m2
being the total mass, which gives:
A(fs) =
√
5
24
(GMc)5/6
pi2/3c3/2
1
r
f−7/6s (11)
Replacing in Eq. 10, we obtain (N,C stands for Newtonian and circular):
dEN,Cgw
dfs
(fs) =
5(Gpi)2/3M5/3c Fι
12
f−1/3s (12)
where Fι = (1 + cos
2 ι)2/4 + cos2 ι.
For BBHs, we consider also the merger and ringdown and we use the phenomenological waveforms A(f) of [40],
which gives (P,C stands for phenomenological and circular):
dEP,Cgw
dfs
(fs) =
dEN,Cgw
dfs
(fs)

(1 +
∑3
i=2 αiν
i)2 if fs < fmerg
fswm(1 +
∑2
i=1 iν
i)2 if fmerg ≤ fs < fring
f
1/3
s wrL2(fs, fring, σ) if fring ≤ fs < fcut
, (13)
with
ν ≡ (piMf)1/3, (14)
1 = 1, 4547χ− 1, 8897,
2 = −1, 8153χ+ 1, 6557,
α2 = −323/224 + 451η/168,
α3 = (27/8− 11η/6)χ,
(15)
L(f, fring, σ) is the Lorentz function centered at fring and with width σ, wm and wr are normalization constants
ensuring the continuity between the three phases.
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Figure I: Coefficients given in [40] for the polynomial developments of the frequencies at the end of the different
phases.
c1 c2 c3
fmerg 4.27493501e4 6.64592090e3 7.06962170e3
fring 8.53972337e4 1.32758676e4 1.41216076e4
fcut 1.22107913e5 1.90044107e4 2.01793224e4
σ 7.31819205e4 1.13794254e4 3.01098310e3
In the expressions above,
η = (m1m2)/M
2 (16)
is the symmetric mass ratio and
χ =
(m1~s1 +m2~s2)
M
~L
L
(17)
is the effecttive spin, a weighted combination of the projections of the individual spins ~s1 and ~s2 on the angular
momentum ~L.
The frequencies at the end of the different phases and σ are calculated using a polynomial approximation of the
form:
f =
c1η
2 + c2η
2 + c3
M
(18)
with the coefficients from [40] and reported in Table I for f in Hz and M in M.
In addition, we account for the dependence on eccentricity, which can play a role before the system has been
circularized, for example in the LISA band. The instantaneous spectrum of gravitational waves from an eccentric
binary is given for each harmonic by [41]:
dEngw
dfs
(fs,n) =
dECgw
dfs
(fs)
g(n, e)
Ψ(e)
(
4
n2
)1/3
(19)
with fs,n = nforb. The case n=2 corresponds to the circular orbit. The function g(n, e) is a sum of Bessel functions:
g(n, e) = n
4
32
{[
Jn−2(ne)− 2eJn−1(ne) + 2nJn(ne) + 2eJn+1(ne)− Jn+2(ne)
]2
+(1− e2) [Jn−2(ne)− 2eJn(ne) + Jn+2(ne)]2 + 43n2 [Jn(ne)]2
} (20)
and
Ψ(e) =
1 + 73/74e2 + 37/96e4
(1− e2)7/2 (21)
B. Sources that do not merge within the Hubble time
For sources with a lifetime longer than the Hubble time or merging in the future, we assume that the redshift
evolves while the frequency stays fixed. In this case, all the compact binaries formed with an initial frequency fi, at
any redshift zb larger than z, contribute at redshift z at the same observed frequency f = (1 + z)fi, i.e:
ΩGW (f) =
f
ρcH0
∫
dθp(θ)
∫ zup(θ)
0
dzb
∫ zup(θ)
0
dz
R(z; θ)
dEgw(fs;θ)
dfs
δ(fs − fi(θ))
(1 + z)Ez(z)
(22)
where we have R(z; θ) = Rf (zf (zb, θ)). In this case the redshift of formation zf is derived directly from zb, considering
that the difference in lookback times (see Eq. 8) between zb and zf corresponds tb(θ), the time for the massive star
binary to evolve into a system of two compact objects:
tb(θ) = tc(zf )− tc(zb) (23)
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IV. SIMULATIONS
In this section we describe the Monte Carlo procedure we use to estimate the background from a list of sources
from the StarTrack simulations. With this technique, it becomes easy to add many extra parameters like the spin
or the eccentricity, without the burden of having to multiply the number of integrals. Also it allows us to model
the evolution of the redshift with the orbital frequency, which is important to extend the calculation to very low
frequencies, when the orbital evolution is very slow. And last but not least, we can calculate what we will call the
residual background, i.e the background after the sources detected individually have been subtracted.
A. Sources that merge within a Hubble time
Following [14] we divide the population of binaries into distinct classes k, each corresponding to a source generated
by StarTrack and characterized by the two component masses mk1 and m
k
2 , the redshifts at the time of formation
of the massive star zkf , at the time when the two compact objects are formed z
k
b , and at the time of merger z
k
m, the
eccentricity ek, the metallicity Zk and the rate density ski 1. The sources were generated for a grid of cosmic time
separated by ∆t = 10 Myr. In addition, we randomly select the inclination ιk, the polarization ψk and the position
in the sky Θk (i.e the declination δk and the right ascension rak). We assume uniform distribution of the orientation
and isotropic distribution in the sky [42]. For BBHs, we also draw the unitless spins of the two BHs χk1 = s
k
1/m
k
1 and
χk2 = s
k
2/m
k
2 from a uniform distribution in the range [-1-1].
In order to calculate the individual contributions to the background, we proceed as follow for each class k:
1. we calculate the initial orbital frequency, fkorb,b, at the time of formation of the compact system, and the final
orbital frequency, fkorb,f (the frequency at the last stable orbit for BNSs and BHNSs and the frequency at the
end of the ringdown for BBHs).
2. for a grid of frequencies, forb,j , in the range f
k
orb,i−fkorb,f , we calculate the corresponding redshift z(j) by solving
the equation [43]:
τs(z(j), z
k
b ) =
5c5
256(2pi)8/3G5/3
(Mkc )5/3((fkorb,i)−8/3 − (forb,j)−8/3) (24)
For each harmonic from n = 2 to 6, we then obtain a table with the frequency in the source frame fs(j) = nforb,j ,
the redshift z(j) and the observed frequency f(j) = nforb,j/(1 + z(j)).
3. for each observed frequency f , we can then calculate the contribution of the source to ΩGW (f) using a discrete
version on Eq.3 :
Ωn,kGW (f) =
f
ρcH0
ski
(1 + z)Ez(z)
dz
dt
(z)∆t
dEngw
dfs
(fs,n, θ
k) (25)
where z and fs,n are obtained from f , by interpolating in the table built in the previous step.
4. in order to calculate the residual background we need to remove the sources that can be detected individually.
For a network of N terrestrial detectors the coherent signal-to-noise ratio (SNR), assuming optimal matched
filtering and uncorrelated Gaussian noises in the detectors is given by:
(
ρk
)2
=
N∑
i=1
4
∫ fi,max
fi,min
∣∣F+,i(f,Θk, ψk)Hk+(f) + F×,i(f,Θk, ψk)Hk×(f)∣∣2
Sn,i
df, (26)
where the index i refers to the detectors, fi,min and fi,max are the low and high frequency bounds, F+,i and
F×,i are the antenna response functions to the + and × polarizations, that depends on the sky position and
polarization of the source, and Sn,i(f) is the one-sided noise power spectral density (PSD) of the i
th detector.
We assume that only sources with a SNR below a given threshold ρT = 12 contribute to the residual confusion
background.
For LISA, the SNR is given by [44]:
(ρk)2 = 4
∫ fkin+∆fk
fkin
∣∣Hk+(f) +Hk×(f)∣∣2
Sn(f)
df. (27)
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where fkin is the frequency of the binary when LISA starts taking data and f
k
in + ∆f
k the frequency after
Tobs = 10 years of the LISA mission.
1In order to select the observed frequency fkin = (1 + z
k)fks,in, we draw
uniformly the age of the compact binary from which we calculate the intrinsic frequency fks,in and the associated
redshift zk (see Eq.24).
In the expression above, Sn(f) is the effective noise power spectral density including the sky and polarization
averaged signal response function of the instrument (see details in [44]). The change in frequency, ∆fk, is
calculated by integrating:
df
dt
=
96
5
pi8/3(GMkc/c3)5/3f11/3 (28)
over the observation time Tobs. Following [44], only the sources with a individual SNR ρ <7 contribute to the
LISA background.
5. The number of sources associated to the class k crossing the frequency band of ground-based detectors is simply
the total coalescence rate multiplied by the duration of the mission Tobs:
Nk =
[
ski
1 + zkm
dV
dz
(zkm)
dz
dt
(zkm)∆t
]
Tobs, (29)
For LISA, because the time the sources spend in band is much larger than the mission lifetime, we calculate the
number of sources present at any given time:
Nk =
[
ski
1 + zk
dV
dz
(zk)
dz
dt
(zk)∆t
]
τk(fmin, fmax) (30)
where τk(fmin, fmax) is the time the source spend in the LISA band.
After these steps, we can combine the results of each class. The energy density parameter is the sum of the
contribution from each class and each harmonic:
ΩGW (f) =
∑
k
6∑
n=2
Ωn,kGW (f) (31)
and similarly, the total number of sources over the mission lifetime is the sum of the number of sources associated
to each class:
N =
∑
k
Nk (32)
B. Sources that do not merge within a Hubble time
For sources that do not merge within the Hubble time, we assume that the orbital frequency remains constant in
time, and only the redshift evolves. We calculate the energy density contribution of each class k for a grid of redshifts
between 0 and zkb , the redshift of formation of the compact object. Then the energy density parameter is obtained
following the same procedure as for the population that merge within the Hubble time Eq.31.
V. RESULTS
A. Total background
1. Sources that merge within the Hubble time
The spectra for the different types of binaries (BNSs, BHNSs and BBHs) that coalesce within the Hubble time,
including all the sources, are shown in Fig.1 for population I and II stars (top) and for population III stars (bottom).
1 In LISA, the frequencies evolve slowly and sources cannot cross the full frequency band over the course of the mission
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Figure 1: Energy density for the total population of sources that coalesce within the Hubble time. The upper
panel is for Population I/II stars and the lower panel for Population III stars. The three different types of bina-
ries BBHs, BHNSs and BNSs are shown separately in red, green and blue, with a null eccentricity (dashed line) and
accounting for harmonics n = 2 − 5 (continuous). The dotted lines indicate the Power Integrated curves of the dif-
ferent networks of terrestrial detectors (see text) and LISA.
Here we account for the eccentricity (continuous line) and we consider the first four harmonics (n = 2 − 5). For
comparison we also show the case without eccentricity (dashed line).
We notice that the eccentricity does not play a significant role, except at the lowest frequencies, when the system
is still far from being circularized, below 10−3 Hz for BNSs, 10−4 − 10−3 (popI/II-popIII) for BHNSs and 10−5 for
BBHs. This that is due to the fact the eccentric binaries merge faster, and the merging binaries include the binaries
with initially lower periods as well.
For the three types, and for both Populations I/II and III, one can recognize the evolution as ΩGW (f) ∼ f2/3,
which is characteristic of compact binary models in the inspiral phase. The sharp increase at low frequencies, ∼ 10−5
Hz for BBHs, ∼ 10−4 Hz for BHNSs and ∼ 10−3 Hz for BNSs, corresponds to frequencies were not all the sources
have started to emit GWs (before their initial frequency). Similarly, there is a decrease around a few hundred Hz
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Table II: Reference values of the energy density ΩGW for the total population of sources that coalesce within
the Hubble time and for the different types of binaries and the sum, at the most sensitive frequencies for LISA (4
mHz), third generation terrestrial detectors (10 Hz) and second generation terrestrial detectors (25 Hz).
(a)Population I/II
fref 4 mHz 10 Hz 25 Hz
BNS 1.86e-14 3.45e-12 6.32e-12
BBH 1.69e-11 2.67e-9 4.63e-9
BH-NS 6.67e-14 1.22e-11 2.24e-11
All 1.70e-11 2.69e-9 4.63e-9
(b)Population III
fref 4 mHz 10 Hz 25 Hz
BNS – – –
BBH 6.99e-11 1.09e-8 3.90e-9
BH-NS 1.24e-15 1.86e-13 6.19e-14
All 6.99e-11 1.09e-8 3.90e-9
because some sources have merged and then have stopped emitting. In the case of Population III, we observe a few
bumps due to the mass distribution. Each bump correspond to a specific mass range. For example, the first bump at
around 10 Hz corresponds to high mass sources (M >70M) with high amplitude but also low emission frequencies.
The energy density at the reference frequency of 25 Hz, compared to the predictions of the LIGO/Virgo collaboration
based on the rate and the mass distribution derived from the first two observation runs [45], is about an order of
magnitude larger for BBHs, with ΩGW = 4.6 × 10−9 against ΩGW = 5.34.2−2.5 × 10−10, and about three orders of
magnitude below for BNSs, with ΩGW = 6.3×10−12 against ΩGW = 3.68.4−3.1×10−10. The total of all the contribution,
on the other hand, is an order of magnitude below the current upper limit on a stochastic background of 4.8× 10−8
[45]. The reference values of ΩGW at the most sensitive frequencies for LISA (4 mHz), third generation terrestrial
detectors (10 Hz) and second generation terrestrial detectors (25 Hz) are shown in Tables II, for different types of
binaries and for Pop I/II and III.
The dotted lines in the figure indicate the projected sensitivities, the so-called Power Integrated (PI) curves, for
the space antenna LISA and for different terrestrial detector networks:
• HLV: Advanced LIGO Hanford (H) and Livingston (L) [1], and Advanced Virgo (V) [4] at design sensitivity.
• HLVIK: HLV with in addition LIGO India (I)[7], whose sensitivity will be similar to the two LIGO detectors,
and the Japanese detector Kagra (K) [6], also at design sensitivity.
• ET: third generation European detector Einstein Telescope, currently under design study [19].
• ET+2CE: ET and two third generation Cosmic Explorer (CE) [20], also under design study.
A power-law stochastic background that is tangent to a PI curve is detectable with a signal-to-noise-ratio of 2. For
LISA we assume an effective integration time of 3 years (corresponding to the 10 years mission with a duty cycle of
about 50%) and for terrestrial detectors we assume an effective integration time of 1 year following [16].
2. Sources that do not merge within the Hubble time
Following the procedure described in section IV, we calculate the contribution of non-merging sources. The orbital
evolution of these sources being very slow, they do not contribute at frequencies above 1 Hz. The results are shown
in Figure 2 for the different types of binaries separately (continuous lines). The case of circular orbit (i.e. e=0) is
also shown for comparison (dashed lines). Because of their higher masses, BBHs contribute at frequencies below 1
mHz, while BNSs contribute to frequencies up to 0.1Hz. For BHNSs, we observe a gap around 1 mHz, separating
the sources originating from higher metallicity regions at lower redshift (above 1 mHz) and sources originating from
higher redshfit and lower metallicity before 1 mHz.
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The energy density is orders of magnitude lower than for the population of sources that merge within the Hubble
time, with a maximum of ΩGW ∼ 10−16 at 2 × 10−5 Hz against 10−12 for the merging sources. It is even lower than
the smaller ET+2CE residual of 3.7 × 10−15 at the same frequency (see Figure 2).
Figure 2: Energy density from binaries which do not merge in a Hubble time. The three different types of binaries
BBHs, BHNSs and BNSs are shown separately in red, green and blue, with a null eccentricity (dashed line) and
accounting for harmonics n = 2− 5 (continuous).
B. Residual backgrounds
As the sensitivity of the detectors will improve in the future, they will be able to detect more sources and therefore
decrease the background, assuming one can successfully subtract individual signals from the data [21]. Figure 3
shows the residual background, i.e the background after individual detections have been removed for the 2G detector
networks HLV and HLVIK (top), and for the 3G detector network ET and ET+2CE (bottom). Here, we have assumed
that a source is detected if its signal-to-noise ratio (see Eq. 26) is larger than a threshold ρT = 12. For LISA, we obtain
that the fraction of detected sources is too small to significantly reduce the background (≈ 5000 sources detected in
10 years mission), in agreement with the predictions of [23].
In the frequency band of ground based detectors, the contribution from population III dominates before 40 Hz,
reaching a maximum at around 20 Hz, and consequently changes the shape of the spectrum that is not a power law
anymore. This feature in the shape of the background seems to be characteristic of the Pop III binaries and can be
used as an indicator of their presence.
In order to quantify the reduction of the background, we calculate the ratio rΩ between the energy densities of the
residual background and the total background :
rΩ =
ΩGW,res(fref )
ΩGW,tot(fref )
, (33)
where the reference frequency corresponds to the most sensitive frequency of the network fref . Values of rΩ for the
total populations I/II and III are shown in Table III. With second generation detectors, the reduction is small: the
residual background is only 0.97-0.98 (HLVIK-HLV) time smaller than the total background and most of the sources
removed in this case are BBHs (see below). With the third generation, the reduction is significant, with rΩ of the
order of 0.01-0.1(ET+2CE-ET).
For comparison, we also calculate the ratio between the number of sources contributing to the residual background
and the total number of sources:
rCount =
Nres(fref )
Ntot(fref )
. (34)
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Figure 3: Energy density for the residual population I/II and III of sources that coalesce within the Hubble time.
The upper panel is for 2G detector networks HLV (dashed lines) and HLVIK (solid lines) and the lower panel for
3G detector networks ET (dashed lines) and ET+2CE (solid lines). The black lines describe the residual energy
densities for the total population and the green/blue ones for respectively the population I/II and III.
Table III: Ratio between the energy densities of the residual background and the total background for population
I/II and III, quantifying the reduction of the background, for different networks of detectors, evaluated at the most
sensitive frequency of the network (25 Hz for second generation and 10 Hz for third generation).
Network HLV HLVIK ET ET+2CE
fref (Hz) 25 25 10 10
pop I/II 0.984 0.967 0.115 0.008
pop III ≈ 1 ≈ 1 0.153 0.006
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Figure 4: Ratios rCount (blue) and rΩ (orange) for the terrestrial detector residual backgrounds for the total pop-
ulation I/II and III.
Figure 4 compares the ratios rΩ (orange bars) and rCount (blue bars) for the three types of binaries BNSs, BBHs
and BHNSs, and for the different terrestrial detector networks considered in this study i.e HLV, HLVIK, ET and
ET+2CE. Because the sources that are detected at the lowest redshifts are also those whose contribution to ΩGW is
the largest, the ratio rCount is higher than rΩ for every type of binary and detector network. The sole exception is
for BBHs with ET+2CE whose sensitivity is such that only badly located sources remain in the background. In this
case, because the contribution to the background do not depend on the localization and then because these sources
contribute as much as if they were optimally located, we have rΩ = 3% and rCount = 0.8%.
With second generation detectors, only a very small fraction of sources can be resolved with rCount > 0.1% and the
reduction of ΩGW is at most 2.7%, for BBHs because of their higher masses, and for HLVIK. We notice that adding
the two detectors Indigo et Kagra decreases the residual background by a factor of 2.3 for BNSs, 2 for BHNSs and
3 for BBHs. Detectors of the third generation can resolve a larger fraction of the sources, leaving 18.9% of BBHs,
73.7% of BHNSs and 98.3% of BNSs in the case of ET, and 0.8% of BBHs, 14.6% of BHNSs and 72.6% of BNSs in
the case of ET+2CE. This corresponds to a reduction of the background rΩ of 6.7% for BBHs, 25.5% for BHNSs and
40.8% for BNSs in the case of ET, and 3% for BBHs, 4% for BHNSs and 26.3% for BNSs in the case of ET+2CE.
Figure 5 shows the energy density of the residual background for ET and ET+2CE for each type of sources separately
(BBHs, BNSs and BHNSs), including both populations I/II and III. For the total population, BBHs represent the
larger contribution to the energy density at low frequencies, before BNSs and BHNSs. Even if they are the best
detected sources, we notice that their contribution decreases but still dominates the residual background, even with
third generation detectors. At 10 Hz, BBHs contribute to 99.9% of the total population, 99.5% of the ET residual and
96.7% of the ET+2CE residual. The BNS contribution on the other hand is 0.03% for the total population, 0.2% for
the ET residual and 2.1% for the ET+2CE residual, while the BHNS contribution is 0.1% for the total population,
0.2% for the ET residual and 1.2% for the ET+2CE residual. However, because of the reduction of the background,
we observe that the background from BNSs starts to exceed the BBH residual background above 600 Hz for ET and
200 Hz for ET+2CE, rather than 1295 Hz for the total background.
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Figure 5: Energy density of ET (left panel) and ET+2CE (right panel) residual populations, at frequencies be-
tween 1Hz-2kHz. The solid lines indicate the contribution of the different types of binaries: BBH in red, BNS in
blue and BHNS in green. The dotted lines show the power integrated curves for ET (in purple on the left panel)
and ET+2CE (in pink on the right panel).
C. Detectability
The strategy to search for a stochastic background, which could be confounded with the intrinsic noise of a single
interferometer, is to cross-correlate measurements of a multiple detectors. For a network of n detectors, the signal-
to-noise ratio (SNR) is given by
SNR =
3H20
10pi2
√
2T
∫ ∞
0
df
n∑
i=1
∑
j>i
γ2ij(f)Ω
2
gw(f)
f6Pi(f)Pj(f)
1/2 , (35)
In the above equations, T is the observational time, Pi and Pj are the one-sided power spectral noise densities
at design sensitivity of a pair of detectors i and j and γij is the normalized isotropic overlap reduction function
(ORF),characterizing the loss of sensitivity due to the separation and the relative orientation of the detectors for
sources isotropically distributed in the sky [46, 47]. Even if the cross correlation search is optimal for Gaussian
backgrounds, Eq. 35 gives the correct expression for the background from CBCs which is not Gaussian [48, 49].
In Table IV we report the signal-to-noise ratio for the different residuals associated to the different networks of
detectors, for an observation time of one year. We assume that we know the shape of the GW spectrum to construct
the optimal filter. This assumption is realistic for population I/II for which the energy density follows a power law
Ωgw ∼ f2/3 in the most sensitive frequency band, but would require accurate modelling if population III exists and
is the dominant contribution. With second generation detectors, we expect to observe the residual background from
population I/II with an SNR of 5 with HLV and 6 if we add Kagra and LIGO India. The contribution from population
III could bring the detection level to SNR = 11− 13.
With third generation detectors, the signal-to-noise ratio becomes very high for ET due to the improvement of the
sensitivity for both population I/II and III, even if many more sources are resolved. With ET+2CE, the signal to
noise ratio for population I/II whose most sources are individually detected drops dramatically in agreement with
the results of [21, 50], but the contribution from population III is still seen with a very high signal to noise ratio
of SNR = 318. The explanation is that for the the high mass and high redshift population III sources, only the
last stages are present in our band, making them more difficult to detect individually. However, by the time of 3G
detectors, we may be using full waveforms, which will permit to increase the detectability.
In the case of LISA, with only one detector, the signal-to-noise ratio is given by [23]:
SNR =
3H20
4pi2
√
2T
[∫ ∞
0
df
γ2(f)Ω2gw(f)
f6S2n(f)
]1/2
. (36)
where Sn(f) is the effective noise power spectral density including the sky and polarization averaged signal response
function [44] and γ(f) = 1 [51].
For one year of observation are given in table IV. We find a total signal-to-noise ratio of SNR = 387 for the
population I/II alone and SNR = 1974 when we add population III.
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Table IV
HLV HLVIK ET ET+2CE LISA
pop I/II 5.0 6.0 318 0.12 387
pop III. 7.2 8.6 1481 334 1587
Total 11.0 13.0 1778 334 1974
VI. CONCLUSION
In this study we have calculated the contribution of compact binary coalescences from Population I/II and III, to
the gravitational wave stochastic background, using the population synthesis code StarTrack . We have used Monte
Carlo techniques in order to model the evolution of the eccentricity and the redshift, and find that the eccentricity
does not have a significant effect in the frequency band of ground-based detectors or even LISA ; the orbit circularizes
very quickly and the higher harmonics hardly contribute very little. We have included the systems that do not merge
during the Hubble time and find that their contribution is negligible, more than four orders of magnitude below the
contribution from merging binaries. We obtain that the background is dominated by the population of BBHs and
should be detected with the second generation of terrestrial detectors, HLV or HLVIK, after they have reached design
sensitivity, in agreement with previous estimates [16]. The presence of population III systems would increase the
energy density ΩGW before 40 Hz by a factor of a few, changing also the shape of the spectrum between 10− 40 Hz.
Modeling accurately this contribution is important to construct the optimal filter, since a simple a power law like for
population I/II does not apply to population III.
With future detectors, such as Einstein Telescope, Cosmic Explorer or the space antenna LISA, the goal will be to
substract the background from compact binary coalescences, in order to see the cosmological or other astrophysical
backgrounds below. With terrestrial detectors it will be possible to reduce the background by 2 orders of magnitude.
In the LISA band, where the signal last longer, the sources overlap and it may be very difficult to separate them.
However, one may be able to remove the waveform detected with terrestrial detectors at high frequencies, down to
low frequencies. The challenge may be that the information on the eccentricity is lost when entering the frequency
band of terrestrial detectors, but we have shown in this study that the effect of the eccentricity was small in the LISA
band, giving hope the subtraction of the background would be possible.
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